Further analysis of the connected moments expansion 2 Abstract. By means of simple quantum-mechanical models we show that under certain conditions the main assumptions of the connected moments expansion (CMX) are no longer valid. In particular we consider two-level systems, the harmonic oscillator and the pure quartic oscillator. Although derived from such simple models, we think that the results of this investigation may be of utility in future applications of the approach to realistic problems. We show that a straightforward analysis of the CMX exponential parameters may provide a clear indication of the success of the approach.
Introduction
Some time ago Horn and Weinstein [1] introduced the t-expansion for the calculation of the ground-state energy of quantum-mechanical systems. It is a Taylor expansion about t = 0 of a generating function E(t) where the coefficients are cumulants or connected moments of the Hamiltonian operator. The main problem posed by this approach is the extrapolation of the t-power series for t → ∞ in order to obtain the ground-state energy.
Horn and Weinstein [1] and Horn et al [2] proposed the use of Padé approximants and later Stubbins [3] tried some other extrapolation techniques. Without doubt, the most popular extrapolation strategy was proposed by Ciowsloski [4] and it gives rise to the connected-moments expansion (CMX) and leads to an expression for the systematic calculation of the energy of the ground state. Knowles [5] studied the CMX and derived an elegant and compact expression for the approximants in terms of matrices built from the cumulants.
It is well-known that the series of CMX approximants for the energy exhibits singularities and convergence problems that limit its usefulness [5] [6] [7] [8] [9] [10] [11] . In an attempt to overcome those difficulties some authors proposed variants of the CMX [8] [9] [10] [12] [13] [14] [15] [16] [17] .
The t-expansion, as well as the CMX and its variants, have been tested on several simple models with varied success [3, 9, 12, [16] [17] [18] [19] [20] [21] [22] [23] [24] , and in spite of their notorious limitations they have even been applied to several problems of physical interest [1-3, 6, 9, 11, 13, 14, 25, 26] , including the calculation of the electronic energy of atoms and some small molecules [4, 5, [27] [28] [29] . It is well-known that the convergence properties of the series of CMX approximants may be considerably poorer than those of the Rayleigh-Ritz variational method in the Krylov space and the Lanczos algorithm [5, 6, 9, 11-13, 23, 24, 26] . However, they can be improved by an appropriate choice of the reference function [30] . The main reason for still insisting on the development of the CMX appears to be its size consistency [1] which those other approaches do not obey.
However, in most of the applications summarized above size consistency is not an issue.
In this paper we test the main assumptions of the CMX by means of simple quantum-mechanical models. In this way we expect to draw useful conclusions that may apply to realistic problems for which such a detailed analysis is not feasible. In section 2 we outline the main ideas behind this approach. In section 3 we apply the CMX to n-level models. In section 4 we resort to the harmonic oscillator and a nontrivial anharmonic oscillator. Finally, in section 5 we discuss the results and draw conclusions.
The Cumulant or t-expansion
In order to facilitate present discussion, in this section we outline the main ideas behind the t-expansion (or cumulant expansion) and the CMX. The moment-generating function
gives us the moments of the Hamiltonian operatorĤ, µ j = ϕ|Ĥ j |ϕ , in the reference or trial state |ϕ that we assume to be normalized ϕ |ϕ = 1. The logarithmic derivative of this function
exhibits several interesting properties:
• E(t) ≥ E 0 for all t, where E 0 is the ground-state energy.
• E ′ (t) ≤ 0
• lim t→∞ E(t) = E 0 provided that the overlap between |ϕ and the ground state |ψ 0 is nonzero ( ψ 0 |ϕ = 0).
The function E(t) is closely related to the cumulant function K(t) defined by Z(t) = e K(t) [31] . The formal Taylor series of E(t) about t = 0 yields the t-expansion (also known as cumulant or cluster expansion):
where the cumulants I j (or connected moments) can be easily obtained from the recurrence relation [1]
The main goal of the approach proposed by Horn and Weinstein [1] and Horn et al [2] is to find an appropriate summation method for the cumulant expansion (3) and extrapolate the resulting expression for t → ∞ to obtain E 0 .
In order to carry out such extrapolation Cioslowsky [4] proposed an expansion in terms of exponentials
where one obtains the adjustable parameters E 0 , A j , and b j by straightforwardly matching the Taylor series about t = 0 of the left-and right-hand sides. Cioslowsky [4] showed that one can obtain E 0 without explicitly calculating the nonlinear parameters b j . From the properties of the Padé approximants Knowles [5] derived an elegant, compact and systematic expression for the calculation of E 0 :
The CMX will be successful provided that lim m→∞ E (m) 0
For simplicity, throughout this paper we assume that the eigenfunctions |ψ j of the Hamiltonian operatorĤ
form a complete basis set so that
provided that ψ i |ψ j = δ ij . Under such conditions we can write
which clearly shows that lim t→∞ E(t) = min {j} {E j , c j = 0}.
We may say that the main assumption in the CMX is that equation (5) is valid provided that c 0 = 0. In such a case the ground-state energy is given by the limit of the CMX approximants (6) for m → ∞. If the square matrix in Eq. (6) is singular, the corresponding approximant is omitted.
In principle, it may happen that Z(t) = 0 for some values of t in the complex t-plane. In such a case the cumulant expansion (3) converges for t < |t s |, where t s is the root of Z(t) = 0 closest to the origin. (The location of such singular points will obviously depend on the trial function |ϕ ). Therefore, matching the Taylor series about t = 0 for the two sides of equation (5) may give rise to some difficulties, especially because the expression in the right-hand side does not take into account such singular points. Consequently, it is unclear that we can successfully extrapolate the approximate expression for E(t) thus derived to the limit t → ∞. This aspect of the problem was addressed by Witte [33] and Witte and Shankar [34] for some particular problems. In sections 3 and 4 we will show that under certain circumstances the main assumption of the CMX, namely equation (5), does not apply to some simple problems.
The exponential expansion (5) does in fact appear to take into account the singular points of the inverted series [32] . If we keep the first two terms, solve for t and differentiate with respect to E we obtain
This approximate result partially agrees with the exact one that we will derive for a two-level model in section 3.
Simple models with n states
Some time ago Knowles [5] applied the CMX to the two-level model
and concluded that the series (6) for the reference function
to the exact eigenvalue for |V | less than about 0.1, but as |V | is increased the series converges to a result which is more and more in error. He also found that the CMX series reproduces the correct V -power series for the same reference function but the series can become violently oscillatory when the reference function is
Besides, in the limit V → 0 alternate approximants for |ϕ 2 tend to zero and infinity.
Knowles [5] concluded that those results placed some doubt on the claims that the series is convergent for any reference function having a nonzero overlap with the exact wavefunction.
Our numerical experiments for V = 0.1 show that the CMX series (6) converges towards the ground-state energy E 0 = −0.009901951358 when |ϕ 1 is the reference function and to the excited state E 1 = 1.009901951 when the trial vector is |ϕ 2 .
The CMX series also converges for greater values of V ; for example, for V = 1 we obtain the ground-state energy E 0 = −0.6180339887 and the excited-state energy E 1 = 1.618033988 with the former and latter reference vectors, respectively. The rate of convergence of the CMX series decreases (increases) with |V | in the former (latter)
case. Convergence towards the excited state is unexpected because there is no doubt that E(t) always tends to E 0 as t → ∞ when c 0 = 0. It may be for this reason that convergence of the CMX series to excited states has been ignored as far as we know. A reasonable explanation for such anomalous behaviour is that the limit of the series of CMX approximants (6) is determined by the maximum overlap | ψ j |ϕ | as suggested by the fact that in the particular example just discussed | ψ 0 |ϕ 1 | > | ψ 1 |ϕ 1 | and
We will discuss this issue in more detail below.
It is obvious that if the series of CMX approximants converges to an excited state when c 0 = 0 then the main assumption of the method, equation (5), is not valid in
general. In what follows we explore this point in more detail and write the CMX approximants to E(t) as
The two-level system is suitable for a discussion of the convergence properties of the t-expansion. In this case, equation (9) becomes
where ∆E = E 1 − E 0 and ξ = |c 1 | 2 /|c 0 | 2 . It is clear that the expansion (3) converges for all |t| < |t s |, where
denotes the two singular points of E(t) closest to the origin of the complex t-plane. We see that the smallest radius of convergence occurs when ξ = 1.
For large t we have the exponential expansion
and not the algebraic terms found by Witte [33] and Witte and Shankar [34] for more elaborate models in the thermodynamic limit. This exponential expansion converges for u < 1. Although the large-t expansion of E(t) exhibits the correct exponential behaviour, it is not valid at the matching point t = 0 unless ξ < 1. Therefore, we expect that the CMX exponential expansion (12) is valid only if ξ < 1 (|c 0 | > |c 1 |).
If we solve equation (13) for t and differentiate the result we obtain
that resembles the approximate expression (10) derived byŠamaj et al [32] . 
In order to test the performance of the CMX we choose the even simpler problem
given by the diagonal Hamiltonian matrix
and an arbitrary reference state |ϕ = 
We appreciate that A 0,2 is closer to E 0 = 1 when ξ < 1 and to E 1 = 2 when ξ > 1 as shown by the expansions
When 0 < ξ < 5 − 2 √ 6 ≈ 0.10 the nonlinear parameters b j,2 are real and positive.
The CMX converges towards the ground-state energy and E (2) (t) exhibits the correct behaviour. When 5 − 2 √ 6 < ξ < 1 those nonlinear parameters are complex conjugate each other b 1,2 = b * 2,2 with Re(b 1,2 ) > 0. In this case the CMX still converges towards E 0 and E (2) (t) is an almost reasonable approximation to E(t): it exhibits a minimum at some t > 0 and tends to a limit close to E 0 as t → ∞. When 1 < ξ < 5+2 √ 6 ≈ 9.90 the nonlinear parameters are still complex conjugate each other b 1,2 = b * 2,2 but Re(b 1,2 ) < 0. In this case the CMX converges towards the excited-state energy and E (2) (t) exhibits a minimum at some t < 0 and tends to a limit close to E 1 as t → −∞. Finally, when ξ > 5 + 2 √ 6 the nonlinear parameters b j,2 are real and negative. The CMX converges towards E 1 and E (2) (t) tends to a limit close to E 1 as t → −∞. This discussion is illustrated in Fig. 1 that shows the real and imaginary parts of b j,2 as functions of θ, is a monotonous decreasing function that leads to a limit close to E 0 = 1 when t → ∞.
When ξ = 0.5
leads to 10/9 ≈ 1 as t → ∞ but it exhibits a minimum at t ≈ 2.8. When ξ = 1
oscillates and does not tend to any limit. approaches the excited state as t → ∞ as it tends to 2663/1332 ≈ 2. Fig. 2 illustrates the behaviours of those functions. Table 1 clearly shows that when ξ = 4 A 0,M already converges towards E 1 = 2 as M increases as discussed above. We conclude that when ξ > 1 the approximate functions Second, the exponential expansion of the cumulant-generating function (13)
converges for all t ≤ 0 when ξ > 1. Third, the match between the exponential expansion (12) and the t−expansion at t = 0 is valid for both, positive and negative, values of t. Therefore, when |c 1 | > |c 0 | the CMX simply chooses the convergent exponential expansion for t < 0 and the result is the energy of the excited state.
The CMX fails completely when ξ = 1 because both exponential expansions (t > 0 and t < 0) are divergent at t = 0. It is worth noting that the original approach of Horn respectively. In addition to it, these Padé approximants yield increasingly accurate estimates of the poles of E(t) at t s = ±(2j + 1)πi, j = 0, 1, . . ..
The behaviour of the exponential parameters discussed above is not restricted to the case M = 2. Fig. 3 shows that two of the exponential parameters b j,3 behave in a similar way. The third one, which we arbitrarily chose to be b 3,3 , is real because the three parameters are solutions to a cubic equation. In fact, the exponential parameters b j,M are in general the M roots of the pseudo secular determinant Fig. 4 shows A 0,M (θ) for some values of M. We appreciate that the series of CMX approximants converges towards E 0 = 1 when θ < π/4 and towards E 1 = 2 when θ > π/4 and diverges when θ is close to π/4 (ξ = 1). It is a further illustration and confirmation of the arguments above.
These examples clearly show that the condition c 0 = 0 is insufficient to guarantee the validity of equation (5) that is the main assumption of the CMX. In fact, they suggest that if |c 0 | = 0 is not the largest overlap, then the CMX series may converge towards an excited state in which case E (M ) (t) will not be an acceptable approximation to E(t) for t > 0, except for sufficiently small values of t. Besides, for some reference states (like those with ξ = 1 for the two-level model) the CMX does not converge at all.
It is not difficult to show that the results for the two-level model also apply to arbitrary problems. For example, if we choose the reference state
then we draw conclusions similar to those above for ξ = |c j | 2 /|c 0 | 2 because we already have a two-level problem.
We have also carried out a numerical and analytical study of the CMX for
Hamiltonian matrices of greater dimension. For example, if we choose a diagonal matrix with elements H ij = jδ ij , i, j = 0, 1, . . . , 9 and the reference vector with coefficients c j = (1 + δ j0 )/ √ 13, j = 0, 1, . . . , 9 then the generating function E(t) is a ratio of polynomial functions of u = e −t . The u-power series (large-t expansion) converges for all |u| < 1.074531738 that is quite close to unity. For this reason we expect some difficulties when matching the t-and u-series. In fact, in this case the CMX series does not appear to converge towards the ground-state energy (or the convergence rate is too small for practical purposes).
Oscillators
The conclusions of the preceding section are not restricted to the particular case in which only a finite number of states contribute to E(t). In what follows we consider quantummechanical systems with an infinite number of bound states. In order to keep present discussion as simple as possible in what follows we consider the harmonic oscillator
If we choose
where N is a normalization factor, then the CMX converges towards the ground state because |c 0 | > |c j | for all j. In this case the exponential parameters for the case M = 3 are b 1,3 ≈ 4, b 2,3 ≈ 8 and b 3,3 ≈ 12.6 that are quite close to the actual excitations
If, on the other hand, we choose
then the CMX converges towards the second excited state because |c 2 | > |c j |. Note that in this case ψ 0 |ϕ = 0 and lim t→∞ E(t) = 1 ; consequently E (M ) (t) will not be an acceptable approximation to E(t) beyond a sufficiently small neighbourhood of t = 0.
This conclusion is consistent with the exponential parameters b 1,3 ≈ −3.87, b 2,3 ≈ 4 and
then the CMX series A 0,M alternate between ±∞ and 3 for M odd and even, respectively.
This result is not surprising in the light of our previous discussion of two-level models.
At first sight one may think that it suggests that the CMX fails when two overlaps are equal |c i | = |c j | and greater than any other |c k |; however, this is not the case. 
and the reference states
The CMX series converges towards the ground-state energy in the former case (b Table 2 . One expects that |c 0g | > |c jg | for all j > 0 and that |c 2e | > |c je | for all j = 2. What we know for sure is that E (M ) (t) will not be an acceptable approximation to E(t) when |ϕ = |ϕ e except in a neighbourhood of t = 0 as indicated by the exponential parameters b j,3 .
Conclusions
The main assumption of the CMX is that the exponential expansion (5) is a suitable approximation to the cumulant-generating function (2) when |c 0 | = 0. Up to now, it was believed that the only limitations of the method were singularities in the CMX approximants (6) or an occasional divergence for some reference state. By means of simple quantum-mechanical models we have shown that the performance of the CMX is mainly determined by the overlaps |c j |. Present investigation strongly suggests that the series of the CMX approximants (6) converges towards the energy of the state with greatest overlap with the reference function. Thus, we have the following situations:
• When |c 0 | > |c j | for all j > 0 the series A 0,M converges towards the ground-state energy and we can say that the CMX is valid.
• The series A 0,M converges towards the energy of an excited state (or oscillates about it). In such a case we may say that the CMX is still useful but its main assumption embodied in equation (5) is no longer valid. This situation may happen when the reference state exhibits the largest overlap with an excited state.
• The series A 0,M does not converge at all and the CMX is of no practical utility.
In no case does the CMX converge to a meaningless limit as suggested by Knowles [5] based on results for a two-level model. The main conclusions of this paper agree with those drawn earlier that the CMX and its variants should be applied with extreme care in order to obtain useful results [5] [6] [7] [8] [9] [10] [11] 24] . In fact, in most cases the RayleighRitz variational method in the Krylov space is by far preferable to the CMX and its variants [11, 24] . We have also shown that the original method of Horn and Weinstein [1] yields accurate results in a case in which the CMX badly fails. The choice of an appropriate trial state may improve the results dramatically as illustrated by a recent study on the Rabi Hamiltonian [30] .
Finally, one of the main contributions of this paper is that the analysis of the exponential parameters b j,M may provide an indication on the rate of convergence of the CMX approximants. If all such parameters are real and positive one expects a reasonable convergence towards the ground state (provided that c 0 = 0). This analysis is greatly facilitated by the fact that those exponential parameters are the roots of the relatively simple pseudo secular equation (22) . 
